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1
In

tro
d
u
ctio

n

N
on-Scaling

F
FA

G
s

w
ere

first
proposed

by
C

arolJohnstone[1].
It

w
as

show
n

that
a

strongly
focusing

F
O

D
O

ring
could

be
designed

w
ith

a
m

om
entum

acceptance
as

large
as

a
factor

of3.
D

ejan
T
rbojevic[2]introduced

triplet
designs

that
appear

to
be

m
ore

isochronous
and

have
sm

aller
circum

ferences
and

apertures.
T

his
paper

w
ill

present
sim

ulations
of

a
10

to
20

G
eV

triplet
lattice.

M
ost

sim
ulations

of
such

F
FA

G
s

have
been

done
using

idealized
hard

edged
m

agnetic
fields

and
varying

approxim
ations

to
higher

order
effects.

O
nly

the
study

by
M

eot[3]
included

an
approxim

ation
to

the
end

fields,
but

even
here

the
end

fields
used

w
ere

required
not

to
overlap

w
ith

those
of

any
neighboring

m
agnet.

A
t

least
in

the
case

studied
here,

this
w

ould
be

a
poor

approxim
ation.

T
his

study,
using

IC
O

O
L
[4]

allow
s

end
fields

to
overlap.

It
does

this
by

sum
m

ing
the

axial
fields

of
each

m
agnet

using
a

hyperbolic
tangent

expressions
for

the
ends,

and
allow

ing
overlap.

T
he

resulting
axialfields

are
then

Fourier
analyzed

and
the

fields
at

alllocations
derived

from
these

Fourier
com

ponents
by

IC
O

O
L
.T

he
lattice

is
assum

ed
to

be
strickily

periodic,
w

ith
no

injection/extraction
insertion,and

no
errors.

2
In

p
u
t

p
a
ra

m
e
te

rs

T
he

study
is

based
on

a
lattice

proposed
by

D
ejan

T
rbojevic

w
ith

the
param

eters
given

in
table

1.

L
en

B
o

G
o

m
T

T
/m

gap
1.0328

Focus
com

bined
function

m
agnet

.5
-3.4099

66.978
gap

.1672
D

efocus
com

bined
function

m
agnet

1.5
5.814

-35.701
gap

.1672
Focus

com
bined

function
m

agnet
.5

-3.4099
66.978

gap
1.0328

T
a
b
le

1
:

P
a
ra

m
eters

o
f
m

a
g
n
ets

a
s

p
rov

id
ed

b
y

T
rb

o
jev

ic

T
hese

param
eters

describe
fields

assum
ed

to
stop

abruptly
at

the
m

agnet
ends.

Such
fields

are
non-M

axw
ellian

and
w

illnot
contain

som
e

non-linear
effects

that
any

realm
agnet

w
illhave.

In
addition,realistic

ends
w

illsignificantly
change

the
average

bending
and

focusing
properties

ofthe
m

agnets.
H

ow
ever,this

hard
edged

assum
ption

has
been

used
in

other
sim

ulations,and
IC

O
O

L
can

choose
to

use
it.

W
e

thus
first

use
IC

O
O

L
to

sim
ulate

the
lattice

w
ith

the
hard

edged
assum

ption,so
that

com
parisons

can
be

m
ade

w
ith

these
other

codes.
T
o

give
a

m
ore

realistic
drop

off
of

the
m

agnets,
w

e
w

ill
use

the
follow

ing
hyperbolic

tangent
form

.
Such

a
drop

off
is

M
axw

ellian,
but

only
a

crude
approxim

ation
to

w
hat

the
ends

of
a

realm
agnet

m
ight

do.
M

ore
sophisticated

end
fields

w
ill

be
tried

later.

B
=

B
o

B
fa

c

2

(
e
(z−

z
1
)/

Γ
B−

e −
(z−

z
1
)/

Γ
B

e
(z−

z
1
)/

Γ
B

+
e −

(z−
z
1
)/

Γ
B

−
e
(z−

z
2
)/

Γ
B−

e −
(z−

z
2
)/

Γ
B

e
(z−

z
2
)/

Γ
B

+
e −

(z−
z
2
)/

Γ
B )

w
here

z
1

is
the

z
position

of
the

m
agnet

start
and

z
2

is
the

position
of

the
m

agnet
end.

B
o

is
the

field
taken

from
the

hard
end

exam
ple.

B
fa

c
is

a
param

eter
used

to
m

odify
the

design
w

hen
the

soft
ends

are
used.
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A
sim

ilar
expression

is
used

for
the

field
gradient

G
,
but

in
this,

the
falloff

param
eter

Γ
G

has
a

value
a

factor
of

tw
o

sm
aller.

Γ
G

=
Γ

B2

T
he

faster
fall

off
for

the
gradients

reflects
the

faster
theoretical

pow
er

fall
off

of
a

quad
vs

a
dipole.

T
he

factors
B

f
a
c

w
ere

chosen
to

give
perform

ance
sim

ilar,but
not

identicalto
the

hard
edged

case.
T

he
factors,and

resulting
m

axim
um

fields,used
are

given
in

table
2,below

.
T

he
F
ields

are
plotted

in
fig

1.

L
en

B
o

G
o

B
fac

G
fac

Γ
B

B
m

a
x

G
m

a
x

m
T

T
/m

m
T

T
/m

gap
1.0328

F
m

agnet
.5

-3.4099
66.978

1.2
1

.2
-3.36

66.03
gap

.1672
D

m
agnet

1.5
5.814

-35.701
1.02

1
.2

5.92
-35.70

gap
.1672

F
m

agnet
.5

-3.4099
66.978

1.2
1

.2
-3.36

66.03
gap

1.0328

T
a
b
le

2
:

M
o
d
ifi

ed
p
a
ra

m
eters

in
clu

d
in

g
en

d
fi
eld

s

T
he

m
ean

bending
per

cell
is

not
quite

the
sam

e
in

the
tw

o
cases,so

the
num

ber
of

cells
and

circum
ferences

are
a

little
different:

hard
ends

soft
ends

cell
m

4.9
4.9

n
cells

59
65

circ
m

289
318

T
a
b
le

3
:

p
a
ra

m
eters

fo
r

ea
ch

ex
a
m

p
le

T
he

field
strengths

as
a

function
oflength

are
Fourier

analysed,yielding
the

coeffi
cients

given
in

table
4.

Sextupole
term

s
due

to
the

z
variation

of
the

quadrupoles
are

derived
autom

atically
by

IC
O

O
L
.Sextupole

term
s

due
to

the
coilend

shapes
w

ere
not

included,
but

w
illbe

be
added

in
a

later
paper,w

hen
available.
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a)

B (T)

z
(m

)
0

1
2

3
4

5

-2.5

0.0

2.5

5.0
b
)

G (T/m)

z
(m

)
0

1
2

3
4

5
-50

-25 0 25 50 75

F
igure

1:
Shapes

of
a)hard

endged
fields

(black),b)
fields

including
htan

end
fields

(blue),
c)

fields
reproduced

from
15

Fourier
com

ponents
(red).

i
B

(i)
G

(i)
T

T
/m

0
.9803195

2.740101
1

-2.895885
16.53893

2
2.979532

-34.93562
3

-.5018952
6.650915

4
-1.210014

20.89505
5

.6177055
-9.08317

6
.1855154

-8.069601
7

-.1763015
4.489265

i
B

(i)
G

(i)
T

T
/m

8
4.405256E

-02
1.35215

9
-3.883789E

-02
.1640327

10
-1.388343E

-02
.458303

11
4.675247E

-02
-1.96029

12
-7.055193E

-03
-.5571176

13
-1.463328E

-02
1.725461

14
1.062646E

-03
.5901405

15
1.972909E

-03
-1.068816

T
a
b
le

4
:

F
o
u
rier

co
m

p
o
n
en

ts
o
f
b
n
d
in

g
a
n
d

g
ra

d
ien

t
fi
eld

s

T
he

F
ields

and
G

radients
vs

z
for

the
hard

edged
exam

ple
(black),the

soft
end

exam
ple

w
ith

htan
falloffs

(blue),
and

the
fields

from
the

Fourier
approxim

ation
(red)

are
show

n
in

F
ig1.

T
he

blue
trace

is
barely

visible
because

the
red

Fourier
approxim

ation
overlays

it
relatively

w
ell.
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A

A

A
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A

A
A

A

A

A

A
A

A
◦B

B

B

B

B
B

B

B

B
B

BB
B

B
◦

F
igure

2:
IC

O
O

L
phase

plots
using

hyberbolic
tangent

ends,
at

ends
of

20
cells,

from
sm

all
am

plitude
(em

ittance=
3

pi
m

m
)

tracks,
injected

w
ith

equalam
plitudes

in
both

x
and

y,w
ith

m
om

enta
in

1
G

eV
steps

from
10

to
20

G
eV

.F
itted

ellipses
are

show
n

as
used

to
derive

tunes,betas
and

orbit
length.

A
yellow

ellipse
indicates

a
poor

fit
for

w
hich

the
data

w
ill

not
be

used:
a)

in
x,and

b)
in

y

3
IC

O
O

L
S
im

u
la

tio
n

O
ff

axis
fields

are
derived,by

IC
O

O
L
,from

the
axialfields

and
gradients

given
by

the
above

Fourier
approxim

ation.
O

ne
initaltrack

per
m

om
entum

w
as

introduced
at

the
m

idpoint
of

the
long

drift
w

here
rf

w
ould

be
placed.

T
he

tracks
w

ere
introduced

on
the

axis,
w

ith
differing

transverse
angles

in
x,y,

or
both.

T
he

tracks
w

ere
then

traced
through

a
num

ber
of

identical
cells

(typically
20).

For
an

initial
study,

the
tracks

w
ere

given
sm

all
initial

angles,
w

ith
equal

angles
in

the
x

and
y

planes.
In

each
case

the
track

positions
w

ere
observed

after
each

full
cell,plotted

on
phase

diagram
s

and
fitted

to
ellipses:

see
fig.2.

Y
ellow

ellipses
indicate

a
poor

fit
from

w
hich

data
w

illnot
be

used.
11

M
om

enta
w

ere
tracked

in
steps

of
1

G
eV

/c
from

10
to

20
G

eV
/c.

In
fig.3

the
closed

orbit
displacem

ents,
fitted

beta
functions,

tunes,
and

closed
orbit

offsets
are

show
n

for
both

the
hard

edged
and

quasi-realistic
cases.

T
he

IC
O

O
L

data
files

are
given

in
the

appendix.
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F
igure

3:
P
aram

eters
as

a
function

of
m

om
entum

for
the

hard
edged

exam
ple

(blue)
and

hyperbolic
tangent

edged
exam

ple
(red):

a)
differences

in
orbit

per
revolution,b)

x
tune

per
cell,

c)
beta

x
at

center
of

rf,
d)

closed
orbit

displacem
ent

at
center

of
rf,e)

y
tune

per
cell,

f)
beta

y
at

center
of

rf
straight.
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4
R

e
q
u
ire

d
a
p
e
rtu

re
s

a
n
d

p
e
a
k

fi
e
ld

s

A
second

IC
O

O
L

run
w

as
m

ade
w

ith
output

at
severalpositions

along
each

cell.
For

this
run,three

initialtracks
w

ere
introduced:

a)
w

ith
am

plitude
in

x
and

none
in

y,
b)

the
sam

e
am

plitude
in

y
and

none
in

x,
and

c)
1/ √

2
of

these
am

plitudes
in

both
x

and
y

sim
ultaneously.

T
he

am
plitudes

corresponded
to

the
required

30
π

m
m

acceptance.
T

he
track

positions
are

plotted
in

fig.4
at

the
center

of
the

rf,
at

the
centers

of
each

m
agnet,

and
at

the
end

of
the

longer
defocus

com
bined

function
m

agnet.
C

ircles
and

ellipses
are

draw
n

that
contain

alltracks.
A

second
larger

circle
and/or

ellipse
indicates

plausible
coilinside

dim
ensions,

assum
ing

that
a

30%
aperture

increm
ent

is
needed

to
assure

adequate
field

quality.

T
he

tracks
started

w
ith

no
y

com
ponent

(blue)
rem

ain
in

the
m

id
plane

as
expected.

T
hose

w
ith

am
plitudes

in
x

and
y

paint
a

rectangular
pattern.

T
hose

injected
w

ith
only

am
plitude

in
the

y
direction

rem
ain

m
ostly

in
that

plane,
but

do
have

som
e

significant
coupling

as
seen

by
a

w
idening

of
the

patterns,as
w

ill
be

discussed
in

section
6.

T
he

peak
fields

on
the

insides
ofthe

coils
can

be
extracted

by
reading

the
verticalfield

at
the

radius
ofthe

larger
circles

or
ellipses.

T
he

peak
field

values
are

also
given

in
the

figure.
T

he
peak

field
in

the
defocus

com
bined

function
m

agnet
is

seen
to

be
about

1
T

less
(7.7

vs
8.7

T
),if

the
m

agnets
are

eliptical
instead

of
circular.

T
his

could
m

ake
a

significant
difference

in
cost

since
it

m
ay

allow
4.2

deg
and

N
iT

i
conductor,

instead
of

2
deg

or
N

bSn.

5
A

m
p
litu

d
e

e
ff
e
c
t

o
n

p
h
a
se

slip

A
s

in
the

initial
runs,

IC
O

O
L

w
as

run
w

ith
outputs

only
at

the
end

of
each

cell,
for

20
cells,

but
the

initial
tracks

w
ere

given
larger

transverse
m

om
enta,

corresponding
to

acceptances
of

30
pi

m
m

.
T

hree
tracks

w
ere

stared
at

each
m

om
entum

:
1)

w
ith

inital
angle

in
y,

2)
but

none
in

x;
and

3)
initialangle

in
x,but

not
in

y;and
equalangles

in
x

and
y

(but √
2

of
those

in
x

or
y

alone).
A

s
before,runs

w
ere

m
ade

w
ith

11
initial

m
om

enta,
spaced

by
1

G
eV

/c.
T

he
total

tim
e

to
propagate

each
track

w
as

determ
ined,

divided
by

the
num

ber
of

cells
tracked,

and
m

ultiplied
by

the
num

ber
of

cells
in

the
ring

(65).
T

hese
results

are
com

pared
w

ith
those

for
sm

allam
plitude

tracks.
F
ig.5

show
s

that
there

is
a

significant
increase

in
the

orbit
lengths

for
large

am
plitude

tracks
at

low
m

om
enta,

but
a

negligible
effect

at
high

m
om

enta.
T

he
effect

is
greater

for
m

otion
in

the
y

direction
than

in
the

x
direction.

C
learly,one

dim
ensionalstudies

of
longitudinalm

otion
w

ill
not

give
acurate

results.
In

a
later

paper,
w

e
w

ill
add

acceleration
and

study
the

longitudinalm
otion

including
transverse

effects.

6
N

o
n
-lin

e
a
r

re
so

n
a
n
ce

s

T
he

strongest
non-linear

effects
w

ere
seen

w
hen

tracks
w

ere
started

w
ith

large
am

plitude
(corresponding

to
30

pim
m

)
in

y,but
no

am
plitude

in
x.

A
s

before,runs
w

ere
m

ade
w

ith
11

iniial
m

om
enta,spaced

by
1

G
eV

/c,but,
to

search
for

resonances,the
initial

m
om

enta
w

ere
stepped

by
0.05

G
eV

/c.
R

esonant
effects

w
ere

particularly
apparent

w
ith

an
inital

m
om

entum
of

9.85
G

eV
/c.

R
esults

from
this

run
are

show
n

in
fig.6.

T
hree

different
non-linear

effects
w

ere
observed.

6
.1

H
a
lf

in
te

g
e
r

re
so

n
a
n
ce

Instability
at

30
pi

m
m

,
is

observed
w

hen
the

m
om

entum
is

equal
or

low
er

than
9.6

G
eV

/c.
T

his
is

due
to

the
approach

to
the

half
integer

tune.
It

is
not

show
n

in
figure

6.
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4:
M

agnetic
fields

vs.
x,and

track
positions

in
x

vs.
y

over
50

cells
at

the
a)

center
ofrf

straight,b)center
offocus

com
bined

function
m

agnet,
c)

end
of

defocus
com

bined
function

m
agnet,d)center

of
defocus

com
bined

function
m

agnet.
T

he
circles

indicate
the

required
good

field
bounds

and
m

agnet
coilinside

dim
ensions.
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5:
D

ifferences
in

orbits
around

the
ring
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a)

low
am

plitudes;
b)

30
pi

m
m

in
y;

c)
30

pi
m

m
in

x&
y;

d)
30

pi
m

m
in

x.
T

he
num

bers
given

are
averages

of
the

m
ax

and
m

in
energies

in
cm

.
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F
igure

6:
plots

of
m

otions
at

the
center

of
the

rf,of
particles

w
ith

10
m

om
enta

(9.85
to

19.85
G

eV
in

steps
of

1
G

eV
),

injected
w

ith
large

am
plitude

(30
pi

m
m

),
only

in
the

y
plane,tracked

through
100

cells:
a)

x
y

positions
at

the
center

of
the

rf
straights,b)

x
positions

vs
z,c)

phase
plots

in
the

x
direction,

d)
phase

plots
in

the
y

direction.
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p
=

1
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m
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d
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1
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1
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1
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1
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1
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b
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/
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1
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1
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1
1
.9

1
2
.0

0
.0

2
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1
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+

+
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F
igure

7:
a)

Induced
am

plitudes
in

x,from
an

initialam
plitude

in
y,after

50
cells

as
a

function
ofparticle

m
om

entum
for

30
pim

m
in

y;b)
A

m
plitude

y
gain

after
50

cells
due

to
th

y=
0.25

resonance
in

y
vs

particle
energy,for

30
pim

m
in

y
(red)

and
30

pi
m

m
in

x
&

y
(blue).

6
.2

x
-y

M
ix

in
g

F
ig.

6a
show

s
the

x
,y

positions
at

the
end

of
each

cell
for

50
cells.

It
show

s
prim

arily
vertical

bands
corresponding

to
the

expected
y

m
otion,

but
in

one
case

(10.85
G

eV
)

the
m

otion
is

seen
to

be
greatly

broadened
in

the
x

direction,
indicating

relatively
strong

x,y
m

ixing
and

posible
em

ittance
grow

th.
T

he
x,z

plots
in

fig
6b

show
som

e
coupling

into
this

plane
at

m
any

m
om

enta,
but

such
coupling

results
m

ostly
in

a
beat,

w
ithout

any
instability

occuring.
B

ut
at

the
specific

m
om

entum
of

10.85
G

eV
/c,

the
am

plitude
continues

to
grow

w
ithout

apparent
lim

it,
indicating

an
instability

F
ig

6c
show

s
the

x
,p

x
m

otion
induced

by
the

coupling
from

the
y

m
otion.

F
igure

6d
w

illbe
refered

to
below

.
F
ig

7a
show

s
that

this
x,y

coupling
resonance

is
narrow

(approx
0.1

G
eV

),w
hich,relative

to
the

energy
gain

per
turn

(approx
1

G
eV

),should
not

be
a

problem
;

Sim
ilar

effects
have

already
been

reported
by

M
eot[3],w

ho
also

show
ed

that
this

coupling
is

strogly
am

plitude
dependent.

6
.3

N
o
n
-lin

e
a
r

re
so

n
a
n
ce

A
t

a
y

tune
of

.25
there

is
a

non-linear
resonance

in
y

as
seen

in
F
ig

6d.
F
ig

7b
show

s
that

this
y

instability
is

even
narrow

er
(.05

G
eV

)
than

the
coupling

resonance,and
its

grow
th

rate
is

slow
enough

(am
plitude

increase
of

about
10

percent
after

50
cells),

that
it

too
should

not
be

a
problem

.
A

run
w

ith
equalam

plitudes
in

x
and

y,but
both √

2
ofthose

in
x

or
y

alone
(corresponding

to
the

sam
e

norm
alized

30
π

m
m

acceptance)
show

ed
an

even
narrow

er
and

w
eaker

resonace
at

the
y

tune
of

0.25
(see

figure
7).

R
esonances

in
y

at
a

tune
of

0.33
w

ere
searched

for
but

not
found.

N
o

resonaces
w

ere
seen

at
any

tune
for

tracks
only

in
the

x
direction.
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7
C

o
n
c
lu

sio
n

T
his

study
has

tracked
an

exam
ple

of
a

triplet
non-scaling

F
FA

G
,

using
quasi-realistic

m
agnet

end
fields

and
all

non-linear
effects.

P
articles

w
ere

tracked,w
ithout

acceleration,at
stepped

m
om

enta
over

a
2:1

m
om

entum
range

(10-20
G

eV
/c).

Severalnon-linear
effects

w
ere

observed
at

am
plitudes

corresponding
to

a
transverse

norm
alized

acceptance
of

30
pi

m
m

,
but

none
appeared

large
enough

to
cause

significant
em

ittance
grow

th
w

ith
acceleration

over
20

turns.
Further

w
ork

can
incorporate

m
ore

realistic
coil

ends
and

include
acceleration.
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